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The question of whether unobserved short- wavelength modes of the gravitational field can induce 
decoherence in the long- wavelength modes ("the decoherence of spacetime") is addressed using a 
simplified model of perturbative general relativity, related to the Nordstrom-Einstein-Fokker theory, 
where the metric is assumed to be conformally flat. For some long-wavelength coarse grainings, the 
Feynman- Vernon influence phase is found to be effective at suppressing the off-diagonal elements of 
the decoherence functional. The requirement that the short-wavelength modes be in a sufficiently 
high-temperature state places limits on the applicability of this perturbative approach. 



I. INTRODUCTION 



Any theory of quantum cosmology, which treats the entire universe as a quantum-mechanical system, should predict 
classical behavior in the regimes where we know classical physics to be valid. In particular, a quantum theory of gravity 
should predict classical spacetime on macroscopic scales. One way of formulating the quantum mechanics of a closed 
system (e.g., the universe) is generalized quantum mechanics pj, in which probabilities are assigned to alternatives 
(outcomes of a series of observations) only if the quantum-mechanical interference between pairs of alternatives 
vanishes. This non-interference, known as decoherence, is a minimum condition for classical behavior. 

As described in Sec. ||, The physical process associated with decoherence occurs by interaction of the system 
of interest with an environment about which no information is gained. It has been conjectured that long-wavelength 
features of the gravitational field may be made to decohere by their interactions with the short-wavelength modes of 
the held, thus allowing classical behavior of the gravitational held when observed on large scales. 

This paper provides evidence for this phenomenon, the decoherence of spacetime. This differs from previous work 
P,0 which used an additional held to obtain decoherence of the gravitational field in cosmological models, in that 
the decoherence examined here is induced in a field theory representing only gravity with no external matter field. 

The theory considered in this work is a scalar held theory with a self-interaction similar to that of the metric in a 
perturbative expansion of the action for General Relativity (GR). As described in Sec. Ill, it is also the perturbative 
form of the Nordstrom-Einstein-Fokker theory [^) of a conformally flat metric, if the scalar held is defined proportional 
to the deviation from unity of some power of the conformal factor, such as the scaling of the volume element. 

Section IV demonstrates the effects of splitting the scalar field into long-wavelength and short-wavelength parts, 
and classifies the terms in the action by the number of short-wavelength modes (SWMs). The trace over the SWMs 
is complicated by the presence of a cubic term in the action. 

Temporarily removing the terms with one and three SWM factors leaves an action whose terms are all quadratic 
in the SWMs, or independent of them. Thus the trace over the SWMs can be performed explicitly, and this is done 
in Sec. [V| 

As described in Sec. |VD| , the perturbative corrections to the decoherence functional can cause elements (namely 
those representing quantum interference) which are finite in the non-interacting theory to be suppressed if the SWMs 
are in a thermal state whose temperature is sufficiently high. Then certain terms in the perturbation series can 
become large in the high-temperature limit, producing seemingly non-perturbative effects, including decoherence. 

Section VI summarizes the results of Appendix that reinserting the terms with one and three SWM factors 
into the action has no substantial effect on the result of Sec. |v|. The terms linear in the SWMs can be removed by 
completion of the square to recover the original result. The terms cubic in the SWMs are examined in a perturbation 
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series, and each term is seen to be perturbatively finite, even in the high-temperature limit. So, according to the 
perturbati ve a nalysis, the effect of the cubic terms is to multiply the influence functional by a factor of order unity. 
Section VII applies t he pr operties of the decoherence functional found in Sec. |v| to a class of practical coarse 



grainings. First, in Sec. VII A , we show that the suppression factor enforcing decohere nce inv olves Fourier components 
of the field whose temporal frequency is less than their spatial frequency. In Sec. |VIIB , we construct the coarse 



grainings of interest. Taking the temperature of the short- wavelength background to be that of the cosmic graviton 
background requires that we make the division into "short" and "long" wa velen gths at or above the millimeter scale 
in order to use the "high temperature" approximation described in Sec. |V Dj . Constructing a coarse graining by 
a weighted field average which describes a group of modes in the appropriate region, we obtain decoherence if the 
spacetime region is large enough, and the environment temperature is high enough, compared with the scale set by 
the oscillation of the weighting function. 



Finally, Sec. VII C shows that the essential feature of this decoherence mechanism is the system-environment split, 
and not the long-wavelength nature of the system, by showing that coarse grainings referring only to s/iort-wavelength 
features can be made to decohere by their interaction with the long- wavelength "environment" . 

For reference, a summary of the important notation used in the body of the paper is provided in Appendix ^} 

II. ENVIRONMENT-INDUCED DECOHERENCE AND THE INFLUENCE PHASE 

A. Generalized Quantum Mechanics 

In a sum-over-histories quantum mechanics, the natural definition of the probability p(a) that a certain alternative 
c a is realized is as the square of an amplitude, which is constructed via a sum of e % actlon only over those histories 
which are in the class corresponding to that alternative. However, probabilities defined in this way will in general 
not obey the probability sum rule, i.e., the probability calculated for a class which is the union of two disjoint 
smaller classes (c„ = c a U c a i , c a n c a i — 0) will in general not be the sum of the probabilities for those two classes 
[p(a) ^ p(a) + p(a')]. Generalized quantum mechanics (GQM) addresses this problem by replacing the probability 
p(a) of a single alternative with a decoherence functional D(a,a') defined on each pair of alternatives. When an 
exhaustive set of mutually exclusive classes {c Q } has the property that D(a, a') = for a ^ a' ', known as decoherence, 
one can then identify the diagonal elements of the decoherence functional (thought of as a matrix) as the probabilities 
p(a) — D(a,a) for the alternatives in that set. 

A sum-over-histories generalized quantum mechanics, as formulated by Hartle Q], requires three elements: 

(1) A definition of the fine-grained histories, {h}, the most precise descriptions of the state of the system. For 
example, these may be particle paths q(t) or field histories tp(x) over spacetime, 

(2) A rule for partitioning those fine-grained histories into coarse-grained classes or alternatives {c a }, and 

(3) A decoherence functional D[h, h'] defined on pairs of histories (fine- or coarse-grained). 
The decoherence functional must obey the following four conditions: 

"Hcrmiticity" : 

D(a',a) =D(a,a')*] (2.1a) 

positivity of diagonal elements: 

D{a,a)>0; (2.1b) 

normalization: 

£5>(a,a') = l; (2.1c) 

a a' 

superposition: If {c^} is a coarse graining constructed by combining classes in {c Q } to form larger classes ("coarser 
graining"), i.e., c& = (J c Q , the decoherence functional for {c^} can be constructed from the one for {c a } by 

D(a,a') = J2 E D{a,d). (2.1d) 



Note that the superposition law (2. Id) allows one to construct the coarse-grained decoherence functional from the 
fine-grained one, via 
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D(a,a')=£ D [ h > h ']- 

h^a. h' Get' 



(2.2) 



When the initial state is described by a normalized density matrix p, and there is no specified final state, the 
fine-grained decoherence functional for a field ip with action S is given by|] 

Dfarf = pifPi^Wt ~ vAe'VM-SW). (2.3) 



B. The Influence Phase 



Decoherence in most physical systems is caused by a division into the "system" of interest, and an "environment" 
about which no information is gathered. In the language of generalized quantum mechanics, this means that the 
coarse graining is described by alternatives which refer only to the system variables. (See |j| for further details and 
a bibliography of prior work.) 

If we make a division of tp into system variables $ and environment variables 0, split up the action into a cf>- 
independent piece = SI 0=0 and a piece Se describing the environment and its interaction with the system: 

S[(p]=S 9 [$\+S E [<l>,$\ > (2.4) 
and assume that the initial state is the product of uncorrelated states for the system and the environment: 

then the decoherence functional for a coarse-graining which makes no reference to the environment variables (but is 
still fine-grained in the system variables) can be written 

£>[*, $'] = J 2?<Wi%, ip'} = p$($ l5 &{)5(& f - $ / ) e *(^W-5.[» , ]+w[*.»'D (2.6a) 

where 

e iW I*>*'] = j V<j>V<j>' p^fc, - ^(^[^l-W.*']). (2.6b) 

$'] is called the Feynman- Vernon influence phase Q; if the influence functional e lW becomes small for <&', 
the "off-diagonal" parts of £>[$, 4>'] will be suppressed, causing alternatives defined in terms of $ to decohere H. 



III. A SCALAR FIELD THEORY MODELING THE GRAVITATIONAL INTERACTION 

The goal of this work is to perform the division described in Sec. || on a theory modeling vacuum gravity, with the 
short-wavelength modes acting as the environment which induces decoherence in the long-wavelength system. The 
idea behind this is that for coarse grainings which deal only with averages over sufficiently large regions of spacetime, 
gravity should behave classically, and thus such coarse grainings should decohere. 

In order to model the self-interaction of the gravitational field without dealing with the gauge-fixing and other 
complications arising from the tensor nature of the metric in General Relativity, we will consider a toy model of a 
single scalar field <p moving on D + 1-dimensional Minkowski spaceQ with the action 

S[<p] = -\J d D+1 x [1 - (2n) D / 2 M(W V ) 2 . (3.1) 



1 Throughout this pap er, we w ill use units in which H = 1 = c. 



As discussed in Sec. VII Bl 



this should be a reasonable assumption in a cosmological scenario if the length scales in the 
problem do not approach the Hubble scale cHq 1 . Note also that an analogous scalar field model, with a different Ricci-flat 
background metric q a i, in place of the Minkowski metric n a b, can also be constructed. That action is obtained by a perturbative 
expansion of the Einstein-Hilbert action when the metric is required to be conformally related to the background: g a b = Q 2 q a b- 
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This scalar field theory is a promising toy model for perturbative general relativity for two reasons. First, consider 
the Einstcin-Hilbert action 



S = 



1 



16ttG 



d D+1 xy/\g\R 



(3.2) 



and define the difference "f a b = 9at — Vab between the actual metric and a flat background metric. If we perform a 
perturbative expansion^] || of ( [3.2] ) in powers of 7 b, the lowest order terms have two powers of "f a b and two derivatives 
and describe free wave propagation, while the first self-interaction terms have three powers of jab and two derivatives. 
If we replace the tensor- valued 7 a h by a scalar field if, the most general action which has this form is fl3.1| ). 

Second, (3.1) can also be obtained by perturbative expansion of the action for the Nordstrom-Einstein-Fokker 
theory B of gravity, which is given by the Einstein-Hilbert action (3.2) restricted to conformally flat metrics 



9ab = H Vab- 

The classical equation for f2 is obtained by varying the action 

AD 



S[Q] 



D- 



(3.3) 



(3.4) 



In 3 + 1 spacetime dimensions (D = 3), this corresponds to the statement that the conformal factor fl behaves as a 
free massless scalar field. 

However, it may be that a quantity defining a useful coarse graining is proportional to some power of the 
conformal factor. For example, the volume of a spacetime region S in the metric (3.3) will be 



V = J d D+1 xy/\g~\ = J d D+1 xn D+ \ 



(3.5) 



since the metric determinant in this theory is given by — (fl 

C = n" - 1 



2\D+1 



It is thus useful to express the theory in terms oJ 



so that C = corresponds to no deviation from the flat background metric. 

Then we obtain a self-interactingn action, which when expanded perturbatively for £ <C 1 becomes 



s[C] « - 



L x 1 



2v+l-D 



C (vc) : 



Rescaling to define 



and 



<P = 



2vL 



C . D(D-l) 



2tt 



2{2v+\-D) 



(3.6) 



(3.7) 



(3.8) 



(3.9) 



where l v — G 1 ' 2 is the Planck length, we obtain the action (3.1) for the scalar field tp. Note that if v = (D — l)/2, 
then the coupling constant i vanishes, and we have a free theory as dictated by (3.4). 



3 Because quantities like the inverse metric g ab cannot be expressed in closed form in terms of ^ a b, the action will become an 
infinite series of terms containing increasing powers of 7^- One can treat the theory perturbatively, but it is not clear that 7 a t 
is the most physically relevant quantity in which to carry out that expansion. 

4 The fact that £ runs from — 1 to 00 (for positive v) as Q, runs from to 00 should not be cause for alarm, as the choice of £ 
rather than 1 + £ is tailored to expanding the action for small (. 

5 It is a common phenomenon that a theory which is free in one set of variables may exhibit interactions and the resulting 
decoherence when described in terms of another set. The theories considered in are of this sort, as are the linear oscillator 

models of when expressed in terms of normal modes. 
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If we take v = D + 1 in our definition (3.6) of Q, the volume ( |3.5|) of our spacetime region, when offset and rescaled 
by a reference volume Vq (which we take to be the volume J g d u+L x of the region in the background metric) will be 



V-Vp 
V 



Id 



D + U 



Id 

s 



D+l, 



x Q 



J d D +h: 

s 



(£> + 1)(2tt) 
D + 3 



D/2 



(3.10) 



a field average of ip over the region S. 



Note that the quantization of the action (3.1), obtained from the Einstein-Hilbert action restricted to conformally 



flat metrics, is not the same as quantization of the conformal modes of general relativity, since we have made the 
restriction (3.3) at the level of the action, producing a theory which has no other degrees of freedom. This scalar 



theory of gravity is, however, a geometric theory similar to GR, with a similar self-interaction, but without many of 
the complications of the full theory. 



IV. DIVIDING THE MODES 



We want to make a division of the field ip appearing in the action 

S[<p] = [ ' dtL(t) 

J-T/2 



L(t) = \Jd D x[l- (2n) D / 2 M& 2 - [Vpf] 



(4.1a) 
(4.1b) 



into long-wavelength modes (LWMs), labelled by <&, to act as the "system" and short-wavelength modes (SWMs), 
labelled by 0, to act as the "environment" . For reasons of mathematical convenience, we first make this division only 
in the spatial directions. First we reexpress the Lagrangian in terms of the Fourier transform 



to get 



L(t) = \ J d D k(\p\ 2 -V 2 \p\ 2 )- 1 - / d D h d D k 2 d D k 3 6 d Ql x +k 2 +k 3 ) (pip 2 P3 + k 2 • k^ivwa), 



(4.2a) 
(4.2b) 

(4.3) 



where we have streamlined the notation by writing tp = ip^, ipi = <^kn etc. 

We define the long- wavelength sector C = {q | q < k c } and the short-wavelength sector S — {k | k > k c }, and define 
the long- and short-wavelength modes by 



$ q (t) = Pq(t)Q(k c - g) LWM 
Mt) = M*)®(k ~ k c ) SWM 



so that the part of the Lagrangian quadratic in ip becomes 

1 f ,n r.o ,_ 1 r _ / . 2 



i dfx [ip 2 (Vp) 2 } = 1 d»q 



-q 2 |$| 2 



S 



k 2 |0| 2 



(4.4a) 
(4.4b) 



(4.5) 



Taking into account the fact that </?(x) is real, which means p-k = or <5>-q — $ q and 0_k = <j>^ we can write any 
expression using only half of the complex modes, which define the other half by complex conjugation. We define C/2 
and 5/2 as arbitrarily chosen halves of C and S so that {'I'qlq S C/2} and {0k|k £ S/2} between them define <^k- 
This makes the noninteracting (I = 0) action 



ljd D x[<p 2 -(V<p) 2 } = J A (|$ q | 2 -q 2 |$ q | 2 ) + J d D k (j^f -k 2 \fr 

C/2 5/2 



(4.6) 
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which is the action of a set of uncoupled harmonic oscillators. The interaction terms can be classified by the number 
of factors of the "environment" field to give 



L[(p] = L[<j), <£>] = L$[<£>] + L [0] + IL+ty, $] + IL U [0, $] + tL H4> [0] , 



where 



= A 



C/2 
= I d D k 



k 2 H 2 



S/2 



L [0, $]=-- dPk d% d% 6 D (k + qi + q 2 ) 



d^q d% d% ^^(ki + k 2 + q) 



E>i$2 + 20<j>i$ 2 + (2k + qi) • q 2 0$i$2 
i>ifc + 2$0i0 2 + (2q + ki) • k 2 $0i0 2 



= ~5 / ^ ^ d D k 3 5 D (k! + k 2 + k 3 ) (01^203 + k 2 ■ k 3 0i< 



>2<>; 



(4.7) 



J d D qi d D q 2 d D q 3 5 D (qi + q 2 + q 3 ) ($1*2*3 + q2 • q3$l$2$3) (4.8a) 

(4.8b) 



(4.8c) 
(4.8d) 
(4.8e) 



Under this division of the field tp, we can perform the division of the decoherence functional described by (2J3), with 

s E [ct>, $] = s y>] + esM, $] + es^[<t>, $] + ^^[0], (4.9) 



V. THE QUADRATIC TERMS 



We need to evaluate the path integral ( 2.6b ) for the influence functional, but the presence of a term ( 4.8c ) in 
Se which is cubic in prevents us f rom doing that in closed form. We might be led then to treat the problem 
perturbatively, with the terms from (4.9) first-order in I providing a correction to the answer obtained using the 
action Sq. However, to zeroth order in £, the theory if free and thus e tW = 1. But if we are to examine situations 
where e lW <C 1, this is only possible if the pertur bativ e correction is also of order unity, which cannot happen in a 



fully perturbative calculation. We will see in Sec. |VD| one set of circumstances where we can perform some but not 
all of the calculations perturbatively and still obtain e lW <C 1. In the meantime, we will consider those parts of the 
action for which the integral can be done non-perturbatively, and add in the effects of the cubic term later, using a 



perturbative treatment which pays careful atten tion to the issues to be raised in Sec. VD. 

Since the parts of the action defined in ( 4.8b| ) and ( 4.8d ) are quadratic in 0, it would be possible to do the path 



integrals in ( p. 6b ) explicitly if the action Se included only those terms. Thus we turn our attention for the time being 
to the modified influence functional 



(5.1) 



We will find an upper limit 



,«Wo4 



< |1 + £ 2 [A$]} 



-1/4 



Id) 



on the absolute value of the influence functional in the absence of the terms linear and cubic in the short-wavelength 
part of the fi eld. We will show in Sec. VI and Appendix |d| that restoring those terms does not qualitatively change 
the limit (HH). 



A. A vector expression 

The Lagrangian can be written, using 0£ = 0-k, in the suggestive form 
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Lo+4><f, [0,$] = £o[ 



4><t>m 



d% rf% <j #p ( k i - k 2) - **i-a]& - ^(^1*1-2^2) 



(5.2) 



ij [^(ki - k 2 )k? - £(fc2 2$1 _ 2 + $^3)] 2 1 



where 



= -(qi-a) • (-ki) - (-k x ) ■ k 2 - k 2 • ( qi _ 2 ) = k? + k^ - k x • k 2 , 



and we have defined 



Qi±2 = ki ± k 2 , $i ±2 = $ qi±2 



(5.3) 



(5.4) 



We would like to write (5.2) as a matrix expression in terms of a vector which describes the short- wavelength modes 
{0k}- However, the reality conditions 0^; k = k and 0*. k = — k , which cause the measure for the integral over 
independent modes to be 



d(j) oc JT < 

keS/2 



(5.5) 



necessitate some caution. 

If we express the modes {0} as a complex vector OX — {0k|k € 5}, on a vector space we call, with a slight abuse 
of notation, C s , with inner product 



«4c u ex = / d D kw^v k , 



(5.6) 



the Lagrangian (5.2) can be written 



L 



0L m cx</>cx - ^L^ex^ex + ^ (^L^ex^ex) 



where to cx and n7 cx are hermitian matrices^ acting on C 5 with the form 

(m ex ) klk2 = (5 D (ki - k 2 ) - £$i_ 2 

(w cx ) klk2 - <5 D (ki - k 2 )k^ - l(k\ 2 ^ 2 + $!_ 2 ). 



(5.7) 



(5.8a) 
(5.8b) 



Unfortunately, the components of ex represent twice as many degrees of freedom as are integrated over in (5.5). This 
means that a path integral over all the components would have to include the factor 



n M^-k-^ki 

keS/2 



On the other hand, a complex vector + — {0k |k € S/2} in a space C s ^ 2 with inner product 

w+v + = J d D kw^.Vk, 



(5.9) 



(5.10) 



S/2 



would completely specify the unique modes of 0, but (5.2) is not conveniently expressed in terms of 0+. To see this, 
consider the velocity term 



\ I </% -/ i 'A'-, l .[.) / -'ik, -k,) - «>, -2J-2 



(5.11) 



X - J d D h d°k 2 {0t [^(kx - k 2 ) - ^!_ 2 ] 2 + 0! [<J D (ki - k 2 ) - ** 2 _ x ] 0^ - 0^$ 1+2 02 - 0!^ +2 2 } 
5/2 



or, more precisely, integral operators with these kernels 
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FIG. 1. The addition of momenta ki,k2 € S/2 can produce ki + k2 £ C. The long-wavelength (low-momentum) region C 
is shaded vertically. The short-wavelength (high-momentum) region S is shaded diagonally in one direction or the other. The 
right half of S, shaded diagonally up and to the right, is S/2. In D > 1, we see that it is possible to add two "large" momenta 
on the right side of the origin (ki, k2 £ S/2) to get a "small" momentum (ki + k2 6 C). 

Although the first two terms can be written as 



which cannot be written in terms of the complex vector (ft + and its adjoint (jr + without using the transpose 0V or the 
complex conjugate <j>* + . If D = 1, this is not a problem, since ki,k 2 £ S/2 implies ki + k 2 ^ C and hence $1+2 = 0. 
However, it is possible in D > 1 to have ki + k 2 £ C even when ki, k 2 £ S/2, as illustrated in Fig. [l]. 
The most useful approach is to define a real vector 




(5.12) 



S/2 



(where m+ is the restriction of m cx to C 5 / 2 ), the last two give 




(5.13) 



= {V2^,V2^|ke£/2} 
in the space M s/2 ® R s/2 = M 5 / 2 © 5 / 2 with inner product 



(5.14) 




(5.15) 



5/2 



A straightforward calculation shows that it is possible to write (5.7) as 




(5.16) 




{6 D (ki - k 2 ) - *($?_ 2 - d>? 



2)} 



) 



(5.17) 



(5.18) 



and 
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< L k2 = 5 D (ki - k a )fc? - £(^ 2 k 2 12 + <&? +2 fc?,_ 2 + $?_ 2 + $? +2 ) 

< R k 2 = -*(-*l_2*ia + *1+2*1,_2 - H-2 + ^1+2) 
^Lik 2 = -^(^1-2^12 + $1+2*1,-2 + $1-2 + $l+ 2 ) 

<k a = <* D (ki - k 2 )fc? - ^?_ 2 fc? 2 - $f +2 fe?,_ 2 + $?_ 2 - $« +2 ); 



where 6 is written as 



V2 



v - 1 m 



(5.18a) 
(5.18b) 
(5.18c) 
(5.18d) 



(5.19) 



B. The propagator 



We now have a workable vector expression for the path integral (5.1): 

= y c% p (0 l ,^)/Co + 00((?!)/|^;$]/C5 +00 ((?!) / |0-;$'; 

where 

/C o+ ^(0/|^;$] = / P</)e lS «+^[^*] 



is the propagator for the quadratic action. It is useful to write 



where 



(5.20) 



(5.21) 



(5.22) 



(5.23) 



is the propagator for a simple harmonic oscillator with time-dependent matrices m(t) and w{t) in place of m and 



rauj 



[The dependence on $ is now implicit in the time dependence of m(t) and w(t), given by (5.17- pT8 ).] 



This propagator can be found explicitly to be |1 

1 



y/dct(2ni€(tf\ti)) 



exp 



2\<t>i) \ -€r\tj\uf K(tf\U)£-Htf\U) 



<t>s 



where 



00 / n rh-i ft* \ 1 

»(*/!*<) = s 1 n / ** / * fe n [- m_i fe)^(ife)] 



n=0 \fe=l 



dB(t/|*<) _! 



a(t/|ti) - -m(fi) 



dC(t/|ti) 
dt,. 



(5.24) 

(5.25a) 

(5.25b) 
(5.25c) 



are the solutions to 







^M^l = [?l(t f \U)£-Ht f \U)<B(tf\U) ~ €-\t f \uf]m-Ht f ) 



dXB(t f \U) 

dt f 
d£{t f \U) 
dt f 

<®L(tf\U) 

dU 
d<B(t f \U) 

dU 
d£(t f \U) 

dti 



--<B(t f \U)m- l (t f ), 
m(U)€(t f \U) 



(5.26a) 
(5.26b) 
(5.26c) 

(5.27a) 
(5.27b) 
(5.27c) 



with the initial conditions 2l(t|i) = 1 = 93 (*|*) and €(t\t) = 0. 

These exact expre ssions are expanded to first order in i in Sec. Bl of Appendix |b[ using the values of m(t) and 
w{t) given by (5.17) and (|5.18 ), respectively. 

Given the expression ( 5.24[ ) for the time-dependent propagator, ( 5.22 ) becomes 



v /det(27ri£[$]) 



exp 



% ( ,,, 



B[$] -C[$] \ / </>, 
-C[$] tr A[$\ J 



where 



I'M a|| 



C[$] = CT 1 



T 
2 



T 



— — m — — 



T 



— + m — 



T 



(5.28) 

(5.29a) 
(5.29b) 
(5.29c) 



This means that ( |5.20 ) becomes 



JWo+4,4, [*,*'] _ 



P<f>(<t>h<f>d 
v /det(2 7 rG:[$] ) det(27rC:[$']) 



exp 



-C[$] tr 
C[$'] tr 



0/ 



(5.30) 



C. The initial state 



Before w e can perform the integrals over the endpoints <f>i, and 4>f of the SWM paths which remain in the 
expression ( 5.30| ) for the influence functional, we need to specify the the initial state p^ of the SWM environment. 
One simple choice is a thermal state with temperature l/kn/3. This is physically reasonable if we consider the main 
source of such an environment to be, for instance, the primordial graviton background. |l3f| 

The density ma trix for this state is given as an operator by p oc e~~P H . Using the full Hamiltonian corresponding 
to the action (4.9) would couple the short- and long-wavelength modes, preventing the separation (2.5) of the initial 
state. So instead we use the zero-order non-interacting action So, which gives the thermal density matrix for a simple 

diag{/c} 
diag{/c} 



harmonic oscillator of frequency f^o 



and unit mass: 



6-) oc exp 



tanh fioP 
Hp 




(5.31) 
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Equation Q5.28 ) is simplified if we express it in terms of <pi = ^ > '^ i and Atfii — 4>i — (f>[ using 



Both 



and 



£'!„ 



tanhHo/3 sinhOo/3 " tanhOo/5 si 



1 1 \ & 

1 -1 )\ 

inhOo/3 can ^ e expressed in terms of 



V(fio) 



2 cosh^o/3-1 2 sinh^o/3 2 /coshrj /3-l 2 , Q, /3 

■ tanh 



Oo sinhfio/? f)o coshfio/J + 1 SIq V coshfio/3 + 1 f^o 



to give 



P<t>{(t>i>4>'i) °c exp 



2 V A^/2 



if we also define 



S± = B[&] ±B[$'] 
C± = C[*] ±C[*'], 



(5.30) becomes 



Vdet(27r£[$]) det(27r£[$']) 



exp 




0/ 
A&/2 



|det(27r£[$]) det(27r£[$']) det 



-1/2 



so that the calculation of e lW °+' t " t ' is reduced to the evaluation of the determinants of £ and 

M -- 



—iB- iC- iC + 

iCJ 1 Q%V(n )-iA- -iA+ 
iC + tr -iA+ AV^^-iA- 



(5.32) 



(5.33) 



(5.34) 



(5.35a) 
(5.35b) 
(5.35c) 



(5.36) 



(5.37) 



D. Controlling the breakdown of perturbation theory 

Up to this point, the treatment has been completely non-perturbativeL] and we have successfully performed all of 
the integrations over <fi contained in (|5.1|). However, the expression obtained depen ds on the functionals 
and C[<&], which, while they can be written exactly in terms of ( |5.29| ) and ( |5.25|) , are best understood using the 
expansions in powers of £ from Appendix |b|. If we are going to begin to expand in powers of £, however, we need to 
address the issue of how to obtain decoherence via a partially perturbative calculation. 

As alluded to before, if we try to expand the influence functional e lW defined by ( 2.6b) in powers of £, we note that 



as t he z ero-order term in Se [</>, is just <So[</)] [i.e., the "system" and "environment" are decoupled to zeroth order; 
cf. @], 



Tr 



e-* TH Pd> e iTH 



(5.38) 



Perturbatively, then, we would conclude e %w = 1 + 0(£). The problem is that for the influence phase to be effective 
at producing decoherence, we need e lW ^*'* 1 <C 1 for $ and sufficiently different. This can only be possible if the 
perturbative analysis breaks down somehow. In this sense, decoherence is an inherently nonperturbative phenomenon. 



7 Although the action (|3.l[) was of course obtained using perturbative considerations. 
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We will focus on one scenario in which perturbation theory cannot be applied universally, but it is easy to keep 
track of which seemingly negligible terms must be retained. The basic idea can be expressed simply. Consider a 
quantity 

F(a,b)=I(a) + ^- (5.39) 

which depends on two parameters a and b, and suppose the functions 1(a) and A(a) have expansions 

1(a) = 1 + 0(a) (5.40) 
A(a) =a + 0(a 2 ). (5.41) 

If we consider only the behavior of F as perturbative expansion in a, we would conclude that 

F(a,b) = l + 0(a). (5.42) 

If we were looking for cases where F 3> 1, we would conclude that they do not exist in the perturbative regime. 
However, if b is also small, have to be more careful about 

F(a,b) = l + ^+o(a,jY (5.43) 

Unless a <C b, we cannot neglect a/b relative to 1. However, we can still neglect the 0(a) terms [from expansion 
of 1(a)] relative to 1, and the 0(a 2 /b) terms [from further expansion of A(a)} relative to a/b. Thus even when it is 
valid to use perturbative (in fact, lowest order) expressions for 1(a) and A(a), it is still possible to have F ^S> 1 (when 
b <C a), since it is not valid to expand F(a, b) simply in powers of a. 

In the current problem, where the role of F is played by 1/ |e lM/ |, and the small parameter corresponding to a is £, 
the role of the additional parameter b can be played by (3. If the temperature is high enough, there will be some 
modes in S for which V(k) = f c ^kf+i -> A and tne terms like C + a _1 C+ tr may become smaller than 0(£) 

terms like £>-. At that point, if the 0(£) correction to e lW is also 0(/3 _1 ), it can cause perturbation theory to break 
down. We keep a handle on this breakdown by neglecting 0(i) terms only when they are not compared to potentially 
0((3) terms. 



E. Evaluation of the influence functional 



Since the matrix A[$] can be expanded (see Sec. |B2| of Appendix |B|) as A[$] = A +Mi[$] + 0(£ 2 ), where Ax[3>] 
is a linear functional of its argument, we have A+ = 2A + 0(1) and A- = Mi[A$] + 0(£ 2 ) (where A$ = $ - $'), 
with similar expressions holding for B± and C±. This means the sub- matrices of M. are of the following order: 



0(1) 
M = | 0(l) 
0(1) 



Oil) 

n 2 v(n ) + o(£) 
0(i) 



4V 



0(1) 
0(1) 

-\n ) + o(£) 



(5.44) 



Given the relation 



I cosh Q Q f3 + 1 
coshf2 /3 — 1 



^ 2r^Q ^ 2r^Q \ 



/coshSlo/3 — 1 
coshfio/3 + 1 



= n 2 v(n ) 



(5.45) 



we see that a = 4V 1 (ilo) — iA- is the largest of the sub-matrices on the diagonal, and is no smaller than 0(1). Thus 
we partially diagonalize M. about it to get 



M 



1 -iC+a- 1 
1 iA+a- 1 
1 



M 



— A+a 



" 1 C. 



-iC- 



1 






1 



-C+a-^+iC. 
A + a- 1 A + + QlV(Q Q )-iA- 
a 



(5.46) 
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Using the approximation of Sec. VD, we have 



M 



A+ + iC- 



A+ V^o) c+ tr + . c _tr ^VM^ + nlV(n ) - iA- 

■ "gV(n )cosn T ^ [A$] tr O^Ho) _ [A$] 



sin 2 Q T 



.4v- x (no) 
] e4V -1 (n ). 



Noting that the matrices used to perform the diagonalization in (5.46) have unit determinant, we have 
det M = detM = dot (4V _1 (n )) dct(H - i#*i[A$]) oc det (l - ^Kq~ i72 Ni [A$]Kq l72 ^ 

where 



Hx[A<I> 



^qV(»q) ( 1 -cosfioT 
sin 2 fJ T V -cos^oT 1 
Bi[A$] -Ci[A$; 



-d[A$] XI Ai[A$] 



(5.47) 

(5.48) 

(5.49a) 
(5.49b) 



Now, e 1 is simply a phase multiplying the decoherence functional (2.6 ); the part which can actually ma ke the 



off-diagonal components of D[Q, $'] small is e 
give, to lowest order in £, the ^-independent values det 

s tWb+^[*,*' 

The normalization is set by ( [5.38| ), and in fact 

{det (l-^ 2 Ko 1/2 K 1 [A$]Ko%[A$]H~ 1/2 )} 



Noting from ( B3b ) that the factors of det £ in ( 5.36] ) 

( sin Q t \ 

\ n )■ 



[det (M^M)] 1/4 cx {det (l + £ 2 X~ 1/2 ^ 



we have [cf. (|5.36|) 1 

[A$]N^Hx[A$]^- 1/2 )}" 



1/4 



-1/4 



For any positive matrix a 2 , a straightforward analysis in the diagonal basis shows det(l 



> 1 + Tra 2 , so 



< {1 + £ 2 [A$]} 



-1/4 



where 



£ 2 [A$] = Tr (^^[AS])' 



(5.50) 



(5.51) 



(5.52) 



(5.53) 



The magnitude of the influence functional (5.52) will be small when £J 2 [A$] is large. This is calculated in Ap- 
pendix ^| and found to be 



£ 2 [A$] = J 

ki,k2>k c 



d D ki d D k 2 Q(k c -q) 
4V(fci)V(fc) 



sin 



2 p 12 



T/2 
-T/2 
T/2 



dt*A$ q (t)e ifc - 4 - [e i2k -HA$M)] T/ *„ 



sin 2 /" rfttt$ q (t)e- !t - f + i±- [e- 2fc "^A$ q (t)] T/ T 2 /2 

2 



+ 



+ 



COS 



2 P 12 



COS 



2 "12 



T/2 
T/2 

-T/2 
T/2 

-T/2 



dttt$ q (t)f 



cft£A$ q (i)e 



[e ,2fc +'tt$ q (t)] 



-ife + t • ^+ r„-«2fe + t 



T/2 
-T/2 



(5.54) 



fcl&2 



[e^ 2fe+t <?A$ q (t)] 



T/2 
-T/2 



where q = ki — k2, k± = k\ ± &2, and cos #12 = 
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FIG. 2. The regions of integration for (5.54). The inherent geometrical restrictions k+ = ki + k^ > q and |fc_ | = fci — fca| < g 
limit us to the region shaded vertically, while the additional requirement that fci, k-z > fc c requires that the mode be in the 



region shaded horizontally. Their intersection gives the region of integration for (5.54) 



1. Specializing to D=3 



If there arc three spatial dimensions, the integration in ( 5.54 ) is over the six components of ki and k2. The integrand, 
however, is expressed in terms of the three components of q and the two amplitudes fci and ki (or equivalently, k±). 
There is also a dependence on cos 9\2 = ^'^ 2 , but that can be expressed in terms of the other five variables by 



q 



kf + k\ — 1k\ki cos 6\2. 



Changing variables from {ki,k2} to {q, fc + ,fc_} converts (5.54) to 

ffcc 



£ 2 [A$] 



dq 



dk- 

T/2 



dk + 



27rC oth/3^±±^coth/?^±^ 



2fc c + |fc_| 



512y 



(q 2 - k 2 _) I d^A$ q (i)e jfc -* - i4fc_ [e i2fc -*IA$ q (t)] 

J -T/2 



T/2 
-T/2 



(q 2 -k 2 _) 

(hi - d 2 ) 



T/2 

-T/2 
T/2 

-T/2 
T/2 

-T/2 



dteA$q(t)e 



—ik— t 



iAk_ [e- i2fe -^A$ q (i)] 



T/2 
-T/2 

2 



d^A$ q (t)e ifc+t + i4k+ [e i2l +'tt$ q (t)] 



T/2 
-T/2 



- 9 2 ) / dt ^A$ q (t)e- Jfc +* - t4k + [e- j2fe+t £A$ q (t)] 

J-T/2 



T/2 
-T/2 



(5.55) 



(5.56) 



(5.57) 



The Jacobian is st raigh tforward to calculate, and the limits of integration come from combining the restrictions 
q < k c < ki,kz on ( [5.54| ) with the inherent geometrical requirement that k 2 _ < q 2 < k\ (from | cos #12! < 1), as 
illustrated in Fig. g. 
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VI. THE FULL ACTION 



Returning from the modified action £0+00 to the full action S, one finds that the result of the previous section is 
not substantially changed, as demonstrated in Appendix 

Including the terms linear in </> to produce the act ion ^3 = 5*0+00 + changes the influence functional only by a 
phase (as is shown by completing the square in Sec. D 1): 



(6.1) 



The addition of the terms cubic in <f> to restore the full action is handled via a perturbative expansion in powers of £ 
Sec. D 2. The cubic corrections should of course be 0(£) or higher, but could in principle become large as described in 
Sec. VD if there were enough factors of j3 in the denominator. The calculation shows that these corrections multiply 
the influence functional by a factor of order unity: 



3 iW[*,*'] = x e iw 3 [<&,$'] _ 



Thus we are still left with the result that 



,<W[*,*'] 



< |l + £ 2 [A$]} 



-1/4 



(6.2) 
(6.3) 



with the suppression factor E [A$] given by (5.5 



A. A word about the perturbative analysis 



The conclusion that 



(6.4) 



is based upon an upper limit on each term in the perturbation series (the first term is obviously unity). There are 
two ways this analysis could fail. First, there may be cancellation among the various 0(1) terms causing the net 
expression to be a higher order in I or j3. Since this would only make \e lW \ smaller than our estimate, it would only 
improve the upper limit given by (6.3). 

The second is more problematic. While each individual term is at most 0(1), the entire infinite series could be quite 
large, counteracting the tendency of e lWo+4 " 1 ' to become small. This is a shortcoming of the perturbative analysis, and 
there's not a lot to be done, other than to tackle the non-perturbative problem.^] Note, however, that we can say with 
confidence that | e 4M/ - lM/ 3| d oes no t have terms which are 0(£ 2 /[3 2 ), which could directly cancel similar terms in the 



expansion of |e lW °+**| 
small. 



So if e 



iW-iW 3 I 



becomes large, it is not in the same way which e 



°+** becomes 



VII. INTERPRETATION 



Having placed limits on the influence phase via the suppression factor E 2 [A<&] given in ( 5.56|) , we now consider the 
question of which coarse grainings can be made to decohere for reasonable values of the parameters k c , (3 and T. 



A. Which modes are suppressed? 

Having determined that the influence functional is bounded from above by 

s w[»,*'] <{i + £2[A$]}- 1/4 , 



(6.3) 



For instance, we can't use (5.38) to conclude that the 0(1) factor in (5.2) is unity, since that would involve an illegal 
interchange of the (3 — > and t — ► limits. 
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and hence becomes small when 



£ 2 [A$] 







dq q 2 d\lq / dk_ 



dk- 



2ir coth f3^^- coth (3^^ 



2fc c +|fe_| 



512g 



pT/2 

{q 2 -k 2 _) / dt£A$ q (t)e lfe -*-i4fc_ [e l2fe -*M$ q (t)]_ 

J-T/2 



T/2 
T/2 



(q 2 -k 2 _) 



T/2 

-T/2 
T/2 



dt£A$q(t)e 



-ik- 1 



i4k- [e 



-^A$ q (CT/ 2 



T/2 
-T/2 



(fc 2 - q 2 ) f d<M$ q (t)e lfc + t + iAk+ [e' i2fe +*£A$ q (i)] 

J-T/2 
pT/2 

(&+ - 9 2 ) / cWA$ q (i)e- ifc +* - i4/c+ [e- i2fe +*£A$ q (i)] 

J-T/2 



T/2 
-T/2 



(HI) 



becomes large, we would like to con sider when that happens. Looking at (5.56), and disregarding the surface terms 
(which will be shown in Sec. VII B 1 to be irrelevant), we see that not all of the space/time modes 



A$ r 



T ' 2 dt 



-T/2 



A$ q (t) £ 



(7.1) 



appear. The first two terms include only modes where \u>\ = \k—\ < q, while the last two are limited to modes where 
M = k + > 2k c . This is illustrated in Fig. ^. Just as our coarse graining considers only long-wavelength modes 
(q < k c ), it is reasonable to focus on long-period modes (|ct>| < k c ) as well. Thus the limit of interest comes from the 
first two terms, and we write 



£ 2 [A$] > 



dq 



2 d\lr 



dk- 



(q 2 - k 2 _ )v / 2^€A$ qfe _ - i4fc_ [e i2fc - 4 M$ q (i)] 



T/2 
-T/2 



dk. 



2tt coth (3 



fe + +fc_ 



coth/? 



fc_i_— fe_ 



2fe c +|fe_| 



The factor 



R = 



256(? 



2tt coth £|i coth % 
dk+ — 



'2fc c + |fe_| 

can be evaluated, to leading order in /3, by noting that 



256g 



cosh m cosh 772 cosh r/ + + cosh ry_ 
coth rji coth 772 = — — — = ; ; = 1 



2 cosh?7_ 



sinh rji sinh 772 cosh 77+ — cosh rj- 



so that 



R = 



2k c +\k- 



2tt dk + 
256q 



2 cosh 



/3fe_ 



Now, 



2tt dfc 



+ 



cosh 



2 cosh ^ _ 4(2tt) coth Si^d 



cosh 



/3fc_ 



= Ro 



cosh ?7 + — cosh ?7_ 



27T dfe-f 

2k c +\k-\ 256<7 



2fc c +|fe„| 256q cos h 



cosh 



256*7/3 



sinh /3 fcc+ j fc ^ 
sin h^ e /3|fc-|/2 



(7.2) 



(7.3) 



(7.4) 



(7.5) 



(7.6) 



Again, since we only expect a useful answer when small (3 causes perturbation theory to break down, we look at the 
leading terms in /3, wor king in the high-temperature limit (3k c 3> 1. (See Sec. VII B 1 for the physical significance of 
this.) In this limit, (fllh becomes 
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FIG. 3. The modes represented in ( |5.5q ), plotted by th eir w and q values. The modes with q > k c are traced over, and so 
that region is shaded horizontally. The first two terms in ( 5.56 ) can suppress modes with |w| < q, which are shaded vertically, 
the third can suppress modes which have u) > k c and the fourth, u < —k c ; these last two are shaded diagonally. Since we are 
concerned with coarse grainings of low temporal frequency uj as well as spatial frequency q, the first two terms are the ones of 
interest. 
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Rq 



8(2tt) 



256g/3 2 \k 

since R — Rq is independent of f3, the leading term in R is^] 

2tt 



In 1 



R 



32 9 /3 2 |/c_| 



■ In 1 



so 



e~|a<i> > y ./«/ // f _. 27r j^ , in [ i 



q '- q 32g/3 2 M 



M 

A',; 



A.',; 



(g 2 - w 2 )\/2^A$ qw - i4w [e i2wt £A$ q (i)] 



T/2 
-T/2 



(7.7) 



(7. 



(7.9) 



B. Practical coarse grainings 

1. The physical scales 



The expression (7.9) has three parameters, k c , (3, and T, which are not integrated over. The scale k c for division 
into SWMs and LWMs can be tailored to the coarse graining to give the strongest possible results, while the other 
two are features of the model. As alluded to in Sec. [II, the time scale T over which we expect the Minkowski space 



model to be valid should be slightly below the Hubble scale H . In suitable units, this gives 

10 10 yr~ 10 29 cm. 



(7.10) 



This is so large that it allows us to set T much larger than all the other scales in the problem. In particular, it means 
that the cross terms in 



(q 2 - c^ 2 )V2^A$ qw - iAu [e l2uJt £A^(t)] T _^ /2 

= 2tt I (g 2 - w 2 )£A$ qw | 2 + iV2^{q 2 - w 2 )£A$ qw 4u; ( e -' iwT M$ q/ * - e^ T £A$ qi *) 

-iV2^(q 2 - w 2 )£A$ q[i ,4u; (e^ T M$ q/ - e -^ T €A$ qi ) + 16oj 2 |e^ T £A$ q/ - e~ lwT £A$ c 
will oscillate rapidly and vanish when lu is integrated over, leaving 

2tt \{q 2 - tj 2 )£A$ q J 2 + 16w 2 |e lwI >A$ q/ - e- iwT M$ ql | 2 > 2tt I (q 2 - w 2 )£A$ q J , 



(7.11) 



so 



£ 2 [A$] 



> 



dq 



In l + V 



(q 2 ~ w 2 )V2ttM$ 



(7.12) 



Turning our attention to the inverse temperature /3, we might reasonably treat the high-temperature thermal state 
Pcf, as corresponding to the cosmic graviton background radiation fl3|| , which has a temperature on the order of 1 K. 
This means that in suitable units, 



"~1K 



1 



10" 4 eV 



10 _1 cm. 



(7.13) 



This is the most severe limit to the usefulness of the calculations in this work. It means that to be in the high- 
temperature limit Pk c < 1, we need to have the cutoff scale k^ 1 dividing "short" and "long" wavelengths be above 



9 Of course, this is a dubious approximation, since R — -Ro, while down by a factor of f3 2 from _Ro, is ultraviolet divergent. 
However, any suitable well-behaved regulation of the result will give a result which agrees with Ro to 0(/3~ 2 ) when the (3 — > 
limit is taken before the cutoff limit. Note also that our perturbative analysis has ignored terms like £ 2 (R — Ro), which are 
perturbatively small in I without having corresponding factors of 0. One might hope that such terms will cancel the divergence 
in R — Rq. However, this turns out not to be the case, as can be seen by calculating all of the 0(£ 2 ) terms in |e lW, °+** |. 
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the millimeter scale. While we don't expect to have laboratory data on millimeter-scale oscillations of vacuum gravity 
any time soon (contrast this scale to the length corresponding to a typical component of the curvature tensor at 
the surface of a 1M@ black hole, which is GM Q ~ 1km ~ 10 6 /3), it might be a bit surprising to learn that coarse 
grainings corresponding to micron-scale variations in the gravitational field do not decohere. At any rate, that is not 
the prediction of this work, even assuming that the analysis of the conformally flat toy model is an accurate indicator 
of the behavior of the full theory. First, a perturbative analysis of vacuum gravity simply cannot make fruitful 
predictions outside of the perturbative regime. It is quite possible that for lower temperatures, non-perturbative 
effects can cause the influence functional to become small for large A$. And of course, this analysis only models the 
decoherence of the vacuum gravitational field induced by gravity itself. If the gravitational field is coupled to some 
form of matter, unobserved modes of the matter can also induce decoherence, as described in H|}. So this work 
suggests an encouraging lower limit on the effectiveness of the decoherence of spacetime itself without the assistance 
of additional matter fields. 



2. Field averages 



When constructing the sum-over-histories generalized c 
grain by values of a field average over a particular region 



uantum mechanics of a field theory, it is useful to coarse 
14] . By defining the average 



{lip) 



d A x 



T/2 



dtw(x, t)£(p(x., t) 



(7.14) 



-T/2 



with a weighting function w(x, t) it is possible to study the behavior of different Fourier modes of the field via the 
choice of w(x, t). For now we take the weighting function to be normalized, 



d 6 x 



T/2 



dt «j(x, i) = 1, 



(7.15) 



-T/2 



but later we will relax that restriction to allow for averages in Fourier space which do not include the zero mode. 

As an example of a field average, recall the connection of our scalar field theory to the theory of a conformally 
flat metric discussed in Sec. III. As described there, the fractional deviation of the volume of a space time region S 
from its volume in flatthe background metric, J d D+1 X\/\g\ws(x) — 1, is a field average (given by ( 3 . 10| ) ) which in the 
D = 3 case currently being considered is 



|( 27 r) 3 / 2 (Ms, 

with the weighting function taken to be the characteristic function for S 

«W = {o V III. 

(Vq is of course the background volume of S.) 
In terms of Fourier modes, a general field average becomes 



(7.16) 



(7.17) 



d qdww^iipqu, 



(7.18) 



where we have approximated the sum over uj values separated by 8u> = 2ir/T by an integral, and assumed that io(x, t) 
vanishes as t — > ±T/2, so that it is acceptable to replace the field ifiq{t) by its periodic counterpart 



duj 



—iuit _ I 2 



<p<l(t) 



!<*<?• 



If Wq contains only modes with qg£ [i.e. Wq — 0(fc c — q)wq], then we can write this average as 



d 3 qdujw*£$. 



(7.19) 



(7.20) 
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The normalization condition (7.15) becomes u>oo = (2tt) 2 , so a useful field average might be 



W/ 2 ^) = £ / dg // g 2 ^ q / -^U q ., (7.21) 

«J J JO JJ J-Aoj/2 V27T 



where the width of the smoothing function in Fourier space is 

Aq~ J- (7.22a) 
Aa; 

Aw ~ ^ (7.22b) 

and the origin of the spatial coordinates has been chosen to correspond with the center of to(x, t). To consider a 
group of modes not centered about the constant mode, we shift the center of the group of Fourier modes by qo and 
ljq, while keeping the mode volume the same, giving another dimensionless quantity 

9 9 rqo+Aq/2 rr f tJo+Aw/2 i 

-(2n)^m = ± dq / ^=(^ + *_„,_„), (7.23) 

Jq -Aq/2 JJ Jy -Au/2 V ^ 

where the solid angle integrated over is centered about qo and is chosen to preserve the mode volume: 

^/ 2 ) 8 = 2^ / 90+A?/2 g 2 dg = 2n («. + A g /2)3 ( gb -A g /2)3 ) (7 M) 

3 Jqo-Aq/2 3 

SO 

n _ ^( A g) 2 f7 25 ) 

n -12flg + (A,)a- (7 ' 25) 



3. T/ie influence phase 



Now we can cast (7.9) into a useful form, so long as qo — Aq/2 > |ujq | + Aw: 

9 27rdw 



# 2 [a$] > / d g yy q 2 d\i h 

r q a +Aq/2 
lqa-Aq/2 



, 32q^ \u> 



In 1 



(q 2 - w 2 )\/2^A$ c 



> 



dq Jj q 2 d\l h J 



-+ A "/ 2 (2n) 2 (g 2 -u, 2 ) 2 , / H 
32^ M + ^ 



(|M$ qw | 2 + KA$_ q ,_ w | 2 ) (7.26) 



The strongest result will be obtained if we take fc c = qo + Aq/2. If Aw and Aq are small relative to Wo and q (which 
means large At and Ax), we can approximate 



^[A^]>e( g0 -N) ^M^ infi' 



32q /3 2 | wo | 



i-qo+Aq/2 r r p(jj +au/,i 

/ // q 2 ^ / dw (KA$qc| 2 + |^A*_ q ,. 

Jan-Aa/2 JJ ^ 



90 / J qo -Aq/2 



ApujQ-\-Auj /2 
u;n-Ao;/2 



32q /^ | w 1 
so that the influence phase is bounded by 



(2^) 2 


(7a$) 2 


ttAw 


;Ag)3/6 



(7.27) 



3^(q 2 -w 2 ) 2 (tA*) 



-1/4 



q (3 2 |w |Aw(Ag)3 



■In 1 



(7.28) 



This means that if 
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Stt^-c 2 ) 2 



90 /3 2 ko|A W (Aq)3 



■In 1 



qo 



(7.29) 



the decoherence functional D [$,<!>'] corresponding to (£$>) and (£<&') separated by (£A$>) will be small. This limit 
corresponds to 



-(2tt) 3/2 (*A$) 
3 



> 



4/V2go [wo] A^(Aq)3 



3(9o 2 



In 1 



Nil 

90 



1-1/2 



Considering the static limit |<x>o| <C go for simplicity, (|7.30| ) becomes 



-(2tt) 3 / 2 



> 



4/3 v /2q \uj \Au(Aq) 3 



37r 2 g 2 V3^ 



No 



9o 



-1/2 



4^o / 2Ac^(A g )3 
3 I/ 3^ 4 • 



(7.30) 



(7.31) 



For sufficiently small Aw and Ag (which corresponds to averaging over a large spacetime region), the right hand 
side of ( 7.31 ) becomes small, and thus ( 7.31 ) can hold even when the quantity |(27r) 3 / 2 (£A$) representing the 



perturbation due to the metric is small, justifying the use of perturbation theory. 

So a coarse graining which should decohere is one consisting of a set of alternatives {c n } which correspond to 

2 , 



3 (2-7r) 3 / 2 (£<!>) £ A„ = [nA, (n + 1)A). The decoherence functional for such a coarse graining will be 



D(n,n') 



V<f> / !?$'£>[$,$'] = / df 

J JnA Jn'A 



»(n'+l)A 



df'G(fJ'), 



(7.32) 



where 



G(f,f) = J V§V& p^i^Si&j ~ $ / ) e *(S»[*]-s«[«']+W[»,*']) tf /y_ |( 2 ^)3/2^$^ j^/ _ ^( 27 r) 3 / 2 (7$0 

(7.32a) 



Equation (7.28) shows that G(f,f) should be suppressed by the influence functional when 



f-f>s = 



A/3q 2Auj(Aq) 3 



3tt9o 



(7.33) 



As long as the size A of the bins is much larger than 6, the off-diagonal elements of D(n,n') with |n — n'\ > 2 will 
involve integrals only over the suppressed region, while the elements with |n — n'| = 1 should be down from the 
diagonal elements by a factor of 5/ A. (Fig. ^) 

To express the result in terms of a familiar measure of decoherence, we can define a decoherence time Tdcc = 27r/Aw, 
which is the temporal extent of a weighting function leading to a decohering coarse graining. Solving for X^cc gives 



64/3 2 (A<j) 3 512tt 3 
27^^ 



ft 2 



27 e 2 A 2 q 2 V 



(7.34) 



where V — (27r/Ag) 3 is the spatial volume over which the weighting function is non-negligible, qo is the spatial 
frequency at which it oscillates, A is the size of the bins in our coarse graining, and e is our standard for approximate 
decoherence (how small the off-diagonal elements of the decoherence functional must be). 



C. Impractical coarse grainings 



A question one might like to ask is whether the decoherence exhibited in the previous sections relied upon the fact 
that the modes of interest were the long-wavelength ones, or if the mere fact that some sufficiently large group of 
modes is traced over is enough to produce de coh erence. In this section, we show that we obtain a similar result if the 
identification of system and environment in (4.4) are now reversed: 
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f 



3A 



2A 



2A 



3A 



FIG. 4. The suppression of D(n,n') = J^ 1)A df J^ 1)A df'G(f, f) via the influence functional e w . If G(,f - /') is 
suppressed for \ f — /'| > 5, integrals of G(y) over regions two or more spots off the diagonal (|n — n'\ > 2) will be negligible. 
Squares on the diagonal in = n') have a region of area 2A<5 — S 2 over which G(f,f') is appreciable. Squares one spot off 
the diagonal (|n — n'\ = 1) include some non-negligible values of G(f, /'), but only in a triangular region of area S 2 /2. Thus 
D(n, nil) should be suppressed by a factor of 8/ A relative to D(n, n). Compare Fig. 1 of Q. 



$ q (t) = ^{t)Q{q - fc c ) 



(7.35a) 
(7.35b) 



so that now q € 5 and k 6 £. 



the limits of integration in Sec. |VE 1 

< 



Most of the calculation carries through unchanged until it comes to determining 
There the geometrical limits are still k 2 _ < q 2 



< ki_, but now we have 

k\, fc^ < k c < q, which gives the region of integration shown in Fig. [|. The limits on the integration variables in 
( |5.56 ) are thus changed so that q runs from k c to 2k c , fc+ from q to 2k c , and fc_ from — (2fc c — fc+) to 2k c — fc+ (or, 
equivalently, fc runs f rom — (2k c — q) to 2k c — q and k+ from q to 2k c — \ k—\, with the same limits on the ^integration) . 
Moving to Sec. VII A, we find the new regions of potentially suppressed frequencies, illustrated in Fig. o. The terms 
in (5.56) with |oj| = \k—\ will have \lu\ < 2k c — q, and are shaded vertically in Fig. ^, while those with \lo\ = k + will 
have \uj\ between q and 2k c and are shaded diagonally. 

Since k_ < k c < q < k + < 2k c we can express the suppression factor in the limit that 2/3/c c < 1 as 



2k;. 



duj , f oj 

— ln (t- 1 

uj \ kc. 



•> I 2 *'" 1 d^ ln (kc-\oj\ q+\u\ 



(2k a - q ) M \q~ M k c 
(q 2 - w 2 )v^7r^A* qu - iluj [e a2 ^A$ q (i)] 



T/2 
-T/2 



(lu 2 - q 2 )V2^£A^ + i^uj [e l2wt M$ q (i)] T/ T 2 /2 



{lo 2 - q 2 )V2^£A^ cl ^ UJ - iAuj [e^ 2c ^A$ q (i)] 



T/2 
-T/2 



(7.36) 



Focussing on the modes shaded horizontally in Fig. || and neglecting the boundary terms as described in Sec. VII B 1 
we see that the lower limit on the suppression factor becomes 
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FIG. 5. The modified regions of integration for 
environment of long-wavelength modes. As in Fig. 



5.54) when the system is made up of short- wavelength modes and the 
, the geometrical restrictions fc+ — ki + ki > q and fc_j — \ki — k%\ < q 
limit us to the region shaded vertically. Now the requirement producing the horizontally-shaded region is ki,ks > k c . Note 
that in contrast with the regions of integration in Fig. ^, the ranges of both the k+ and fc_ integrations are finite. 



£ 2 [A$] 



> 



2k,. 



dq 



q 2 d\l(. 



2k,. 



2nduj 



•In 1 



M 
A' r - 



(q 2 - w 2 )V2tt^A$. 



(7.37) 



which is, other than the limits of integration on q and lo, the same as that given in ( 7.26| ). Thus we conclude that, 
at least for these groups of modes with qo > \u>o\, the tendency of unobserved modes to induce decoherence is just as 
effective whether they are of shorter or longer wavelength. 

There is some precedent for this result in, for example, pL where the Zong-wavelength modes of an additional scalar 
field induced decoherence in the gravitational field. 



VIII. CONCLUSIONS 



This work has demonstrated that, in a scalar field theory obtained by perturbative expansion of the Nordstrom- 
Einstein-Fokker action (which is given by the Einstein-Hilbert action restricted to conformally flat metrics), some 
coarse grainings which restrict only the long wavelength modes of the field should decohere. Using the self-interaction 
of this theorypl, which has a form analogous to that obtained by a perturbative expansion of GR, the ignored short- 
wavelength degrees of freedom can destroy quantum coherence between different long- wavelength alternatives. This 
lack of quantum-mechanical interference is a prerequisite for classical behavior of spacetime on large scales. The 
present result demonstrates that in some cases the gravitational self-interaction, as represented by this toy model, is 
sufficient to induce decoh erence without adding any matter fields. 

As demonstrated in Sec VII C , the central feature of this mechanism is the division into a system and an environment. 
The split can also induce decoherence when we coarse grain by the short-wavelength features and let the long- 
wavelength modes act as an environment. 

The decoherence properties were studied by calculating the influence functional e lW between pairs of long- 
wavelength histories, which describes the effect of tracing out the short-wavelength modes. Decoherence is expected 



1 In terms of an appropriate set of variables; in any number of dimensions, there is a reparametrization of the theory which 
is non-interacting, but it is the self-interaction in terms of the variables defining the coarse-graining which is relevant for 
decoherence; see footnote pi 
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FIG. 6. The modes represented in the suppression term i? 2 [A$], plotted by their uj and q values. The modes with q < k c 
are traced over, and so that region is shaded horizontally. The terms with uj = ±fc_ can suppress modes with |w| < 2k c — k + , 
which are shaded vertically, those with uj = k + can suppress modes which have q < uj < 2k c and those with uj = — k + can 
suppress — q > uj > —2k c ; these last two are shaded diagonally. 
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e iW[*,*'] 



becomes small for sufficiently large differences between the long-wavelength con- 



when its absolute value 
figurations $ and <&'. 

Even though the influence functional is unity to lowest order in the coupling constant £, and one might normally 
assume that perturbative corrections cannot make \e lW \ much smaller than one, decoherence is still possible if there 
is a second small parameter. In our case, this was accomplished by working in the high-temperature regim e wh ere the 
inverse temperature (3 of the thermal state describing the SWMs was small. Then, as described in Sec. VD| , terms 



which were higher order in the coupling £ could still become large for high temperature if they were proportional to, 
for example, (l/(3) 2 . This made it possible to find \e* w \ <C 1, while still allowing us to treat terms higher order in £ 
as small if they did not have corresponding powers of (3 . 

The £/{3 terms in the influence functional were handled non-perturbatively for the terms in the action which are 
quadratic or linear in the SWMs, but the cubic terms in the action were analyzed using a perturbative expansion. 
That expansion showed that while there are corrections which go like qJ^+q^ or o(e)+0(p) ' those are at largest 
0(1), and there are no 0(£//3) terms to cancel out the effect from the quadratic action. 

The reliance on perturbative analysis is one of the limitations of this result. It means that we can only analyze the 
question of decoherence in the high-temperature limit, defined by (3k c <C 1, where k c is the momentum which divides 
SWMs from LWMs. If the temperature of the SWM thermal state is taken to be that of the present-day cosmic 
graviton background, the length scale corresponding to this limit is on the order of a millimeter. 

Another problem comes from the non-renormalizability of our derivative action (a property it shares with GR itself). 
While the terms in the influence functional proportional to (£//3) 2 are finite, there are terms proportional to £ 2 alone 
which are ultraviolet divergent. We were able to ignore those by working in the high-temperature limit, but they may 
provide another way in which perturbation theory breaks down, demanding a fully non-perturbative analysis. 

Before moving to a possible non-perturbative analysis, perhaps using the Regge calculus [[l5| to skeletonize geometry, 
another improvement of this work would be to see if the scalar field result is modified by considering a model where 
the full tensor nature of the theory is exhibited. In a full quantum theory of gravity, it is not the conformal variations 
of the metric which are expected to be the dynamical degrees of freedom. However, since the interaction should have 
the same form, we may expect that features of the present result will survive. In particular, the quantity k c (3 is likely 
to be important. 

And finally, the focus of this model has not been on cosmological systems (as contrasted to the matter-induced 
decoherence of spacetime described in ||^|] and the recent minisuperspace work |l6| ] ) . The background spacetime was 
taken as Minkowski space and the temperature of the short-wavelength graviton state was taken to be its present-day 
value. Different background spacetimes might also be studied once the tensor nature of perturbative GR is restored. 
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APPENDIX A: GLOSSARY OF NOTATION 

For reference, we list here some of the notational conventions and important symbols used throughout the body of 
the paper. 

D is the number of space dimensions, so the case of physical interest is D = 3. 

In the general discussion of Sec. HL the field tp is divided into a set of variables $ which describe the system and 
the remainder, <f>, which describe the environment. 

In the more concrete subsequent calculations, ip(x, t) is the field and (fk(t) its Fourier transform, defined by (|4.2|).p| 



11 The arguments or subscripts are sometimes omitted, in cases where the meaning of ifi (or 3> or (f>) should be clear from 
context. 
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The space of wave vectors k is divided into short- and long-wavelength regions L and S illustrated in Fig. EL An 
arbitrarily-chosen half 5/2 of the region S is also defined there. When a wave vector falls in the long-wavelength C, 
it is conventional to call it q rather than k. 

The Fourier modes (fk( t) a re divided into long- wavelength modes (LWMs) $ q (i) and short-wavelength modes 
(SWMs) 0k (t) defined by (4.4), making concrete the formal system-environment split described before P| 

The action S[(p] is divided formally in Sec. |l|into a system-only part S$[$] and an interaction part Se[4>, *&]• In the 
specific realization for the scalar field theory, Se[4>, is divided into pieces Sn[0], SV>[0, $], 5^0(0, and 



Each of these 



as defined in ( |4.8| ). Also of use are So +< j,^[<p, $] = So[0] + [0, $] and 53 [0, $] 

actions is defined by a corresponding Lagrangian L[0, $], etc. 

The influence phase VF[<i>, $'] and influence functional e lM/ [*'* 1 are defined by ( |2.6b| ). In addition, corresponding 

phases Wo+00[$, and are defined by replacing Se[4>, with Sn+00[0, $] and £3(0, 3>], respectively. 

The endpoints of the path ip{x,t) are indicated by <Pi{x) = <ys(x, — T/2) and y/(x) = <^(x, T/2). Similarly, $j and 

<&/ are the endpoints of the path <!>, and 0j and 0/ are the endpoints of the path 0. 

A prime on a path or its endpoints is used to distinguish the two arguments of the influence phase W[$, <&'], or the 

decoherence functional, as in D[tp, ip']. The difference between the two paths is written as in A<f> = $ — <f>' and their 

• ~r <f>%+k 
average as m 0j = 2 ■ 

When an object is a functional of an entire path, its argument is written in square brackets as in S[(p]. When 
it depends only on the value of the field at specific time, it is written, to emphasize the distinction, as an ordinary 
function as in p^ipi,^), even though the argument is technically still a function of the spatial coordinatex or the 



(pT29D ; A±,B±,C±, defined in (j5.35j ); and N and Hi[A$], defined in ( |5.49| ). 

V is a function having the character of its argument, so V(k) is a number, and V(fio) is a matrix. 

In addition, M. defined by ( 5.37 ) and M. defined by fl5-46| ) are matrices which take vectors in the product space 

- S/2e5/2)3 tQ Qther vectQrs m (M S/2©5/2 )3 ^ 

In most cases, a subscript of or 1 indicates the zeroth- or first-order contribution to the quantity in question, in 
an expansion in powers of the coupling constant I. 

Finally, the field averages () and () arc defined in (7.14) and (7.23), respectively. 



mode label k.|^j Similarly, the notation 2?0 is reserved for path integrals, with the functional integration over the 
endpoints written as an ordinary integral as in dfa. The mismatched parentheses in /Co+00(0/|0j; indicate that it 
is a "function" of the arguments before the semicolon and a fu nctional of the argument after it. 

T he sh ort-wavelength modes 0k (i) are combined, by ( 5.14 ), into a vector in the space R 5 / 2 ® 5 / 2 described in 
Sec. |VA| . 

Th e following are all matri ces which take vectors in R 5 / 2 ® 5 / 2 to other vecto rs in R 5 / 2 ® 5 / 2 :^ m(t), defined in 
(p7|) ; wit), defined in (§7l§); Wj\U), Q5(t/|*j), and defined in ( ^25| ); and C*[$], defined in 



APPENDIX B: PERTURB ATIVE EXPANSIONS 



1. 2t, 03 and £ 



To make practical use of the exact expressions (5.25), we need to expand them in powers of the coupling constant 
I. Expanding to zeroth order is trivial, since mp = 1 and zuq — fJ 2 ,, where 



«n = 



{M D (ki-k 2 )} {0} 

{0} {M D (k a - k 2 )} 



and of course 



/{^(kx-ks)} {0} \ 

{0} {^(kx-k 2 )};- 



(Bl) 



(B2) 



The expansion is 



12 Section VII C, in which the roles of the system and environment are reversed, is an exception to this. 
13 This notation is also justified in the case of, for example, (pi, which may be thought of as a vector and not a function. 
14 Note that in Appendix |§| there are equivalent matrices, defined according to (B6), mapping R s to 
define, for instance, the components of ©1 as ©lk^- 



This allows us to 



2G 



2t = cos^oT = 5B ; 
sin £IqT 



Proceeding to the first order terms, we can substitute the first order expression 

1 n 

II [-™~HhMt k j\ =i+£^(-Q^) n - fe [ ro i(t fe )no 2 -mi(t fe )](-ng) fe + o(^ 



(B3a) 
(B3b) 



(B4) 



k—n 



fe=l 



into ( 5.25a ) and find 



^(2n-l)! 



[O (t-ti)] 2n - 2fc 



fc=i 



2n- 1 
2fc- 2 



2n- 1 
2A- 



B7i(t)[fi (t/-t)] 2fc - 2 
^miWtfioC*/-*)] 2 *- 1 ^!. 



(B5) 



To proceed further, we should streamline the notation for components of matrices on R 5 / 2 © 5 / 2 . At the moment, 
the components of SIq are written as ^okik 2 = kiS D (\ci — k 2 ), ^o klk2 = ^> ^oicik 2 = ^> an< ^ ^okik 2 = ^^(ki — k 2 ). 
This is greatly simplified if we observe that |— k| = k, and define 



M 



{M kl ,-k 2 } 
} {M_ kl ,_ k J 



{Af klk2 }, 



(B6) 



where the indices in the first two expressions range over S/2 and those in the third range over S. Then r2okik 2 
JW^ki -k 2 ), and 
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lkik 2 



(-1)" f tf dt J tz7i(t) klk2 ^{2n-l 



^ (2n-l)! ./, 



fc=l \ ' 



fc=l 



*ami(t) klka E ( 2fc _ 1 ) ^ " U)] 2n - 2k Mt f - t)f k 



2fe-l 



[mi^ktkjfe cos 0^1 sin0 B2 - ra7i(*)kik 2 fci 1 sin6Ui cos#b 2 ] 



Then we can use the first order term in (5.25b) 
to calculate 



dQ3 

Qq 2 — ilo sin QoTriQ 2 mi(t j)Qq 2 , 

dtf 



-lkik 2 — 



dt 



likewise, the first order term in ( 5.25c ), 



»l(i)kik 2 COS 6^1 COS0 B 2 + ^lWkik: 



2ll = -- -i +m 1 (i J )cosfi n T, 

dt,; 



smf/^i sin #b 2 
fcifc 2 



gives 



2llkik 2 



di [mi(t) klk2 fci sin^i cos6> B2 - Wi(i) klk2 £; 2 1 costf^ sin6> B2 ] 
It is straightforward to check that (jB7j) , (|b|), and ( pTT| ) satisfy ( |5.26D and fl5.27| ) 



(B7) 



(B8) 



(B9) 



(BIO) 



(BH) 
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2. A, B and C 



We can use the expansions for 21, 2J and €. calculated in Section B 1 to find expansions for 



Am = 21 (~ 



Bp] - er 1 (| 

' T 



- — I + m 



C[$] = f 
From (B3), the zero order terms are 



r 



Proceeding to the first order terms, we 
Ai[*] 



tan fio? 1 

°° ~~ ~ — rT^F' 
Sin liQi 



have 



= Sti ■ o rr ~ cosil T , £1 . 

sinSin-t smS2o^ sinsi J 



Using (Bll) and ( |B9| ) and rewriting the m boundary term usin 



— rhi 



we can 



calculate, via integration by parts, 



t\ ,T/2 

— I sinfciTsinfeT = m(t) klk2 sin6>si sm9 B 2\_ T/2 , 



Ai kl k 2 = mi ( -- j 

V Z / kik 2 
&1&2 



tan/ciT tan/c 2 T / 

/•r/2 r 

/ di mi(t) klk2 cos9 B1 cos9 B2 + "i(i) klk2 sin0 B i sin0 B2 

J -Til 



where 



sinfciTsin fc 2 T 

S7l(£)kik ? ~ '" 



ni(*)kik 2 = 



Analogously, we find 



rn-ift)k!k 2 - mi(f) kl k 2 (fci + fcf) 
&ifc 2 



Si kl k 2 = "ii - 

V Z / kik 2 
fclfc 2 



fel 



tanfciT tan/c 2 T / 



fcifc 2 /" T/2 r 

— . , = . , = / rf* mi(t) kl k 2 cos6»ai cos0A2 + ^i(*)kik 2 sin6»Ai sin 0^2 
smfcii smK 2 J J-t/2 

The first order term Ci = — sin £ gT €\ sin £ gT can be cast into a similar form after integration by par 

Ci klk2 = mi ( ) , k2 +mi ( ) 

V 2 / klk2 sinfc 2 T V 2 / klk 



(5.29a) 
( p9b| ) 
(|5.29c| ) 

(B12a) 
(B12b) 

(B13) 
(B14) 



(B15) 



(B16) 



(B17) 



rts to 



;ivc 



mi1 shifclT 



felfe : 



/■T/2 



df 



sinfciTsin fc 2 T J-t/2 

Application o f trig on omet ric ide ntiti es to expressions such as cos^ai cos9b2 — cosfc 
us to rewrite (B15), (Bf7) and ( B18| ) in terms of k± = k\ ± fc 2 as 



«ii(i)kik 2 cos ^i cos6» B2 - ^i(t)kik 2 sin #41 sin0 B 2 . 

i(t + T/2)cosfc 2 (T/2- 



(B18) 
i) allows 
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^4ikik 2 



,_T\ ( fci fc 2 s 

"" 1 " 1 \ tan fci T tank 2 T / 



2 / kik 2 
fcifc 2 



2sinfciTsinfc 2 T J -t/2 



dt /[mi(t) + ni(t)]kik 2 ^cosfc_icos — 1- sin fc_t sin — - — 



^lkik; 



= mi (T) f fcl | fc2 

2 / k k \ tan fci T tanfc 2 T 



... ... / k + T , . fc + r s 

-[mi(t) — 7ii(i)Jkik 2 I cosfc+t cos — h smfc+f sin - 



fc_T x 



kikn f T / 2 { ( k-T /. / 

„ . , „ / dt < [mi (t) + m (t)]kik a cos k-t cos — sin k-t sin — — 

ci-Z sinfc 2 2 J_ T /2 { V 2 2 

... ... / , k + T . . fc + T s 

+ [mi(t) — n.i(rjjk 1 k 2 I cosfc+fcos — smfc+ism - 



Clkik 2 — m l ( ~W 



; k lk2 sinfc 2 T 
fcxfc 2 



( T 



2 sin fciT sin fc 2 T J -t/2 

form in terms of more 



k+T'" 



fc_T x 



These seem to be taking on a nice 

fT/2 

J-T/2 
pT/2 



2 / kl k 2 sinfciT 

f ( k T 
dt < [mi (i) + n\ (t)]kik 2 (cosfc_icos — sinfc_isin } 

/ fc_T „ 
+ [mi(t) — Ui(i)]kik2 ( cosfc + icos — sinfc + i sin — — 

basically defined modes 

k±t + boundary terms, 



Jkik 2 cos k±t 



cr± = 



name! 



^ £?lkik 2 \ 
^-lkik 2 
Clkik 2 



[mi(i) T 

[mi(t) =F "i(i)]kik 2 sinfc±i + boundary terms 

-T/2 

■ fc_T fe+T • k+T v 

m — «— cos -4r~ - sm — t— \ / Y 



_ kik 2 

2 sin fci T sin fc 2 T 



k-T • fc_T k+T ■ k+T 

I cos —j— — sm —j— cos — t— — sm — |— 

k-T . fc_T fe + T ■ k+T 

cos sm cos — sm — |— 

k+T ■ k+T k-T ■ k-T 

cos — — sm — y~ cos — sm — ^— 

i k+T ■ k+T k^T 

\ cos — |— sm — t— cos — 



sin • 



\ 


fx-\ 










/ 





± - sin 2k±t 



T/2 



where of course Cik lk2 = Cik 2 ki- We can use this to define x± and cr±, and inverting 
boundary terms, giving 

/•' 

X±= dt[mx(t) =Fni(t)]kik 2 cosfc±t=F mi{t)^ 2 —— 

J-T/2 fclfc 2 —T/2 

rT/2 k± T/2 

a±= dt [mi(() =F«i(*)]kik 2 sinfc±t± mi(f) klk2 — — cos2fc±t 

J — T/2 rtlK2 —T/2 



(B19a) 



(B19b) 



(B19c) 

(B20a) 
(B20b) 




APPENDIX C: EVALUATION OF THE TRACE IN SEC. VE 



The purpose of this appendix is to ins ert th e values for A\, B\ and C\ from Sec. B2 of Appendix |b] into the 
expression _E 2 [A$] appearing in the limit (5.52) on the influence phase, where 



15 Note that the elements in these matrices are numbers, rather than matrices, i.e., the expression holds for a particular value 
of ki and k2 so that there is no integral over k2 included in the matrix multiplication. 
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Ho 



n§v(n ) 



sin 2 floT 



1 -cosf2 T 
cos o r 1 



Hi[A$] = 



Bi[A$] -Ci[A$] 
-Ci[A$] tr Ai[A$] 



Inverting Hq gives 



Si - cos rJ TCi tr -Ci + cos QvTAx 

fllV(Q ) V cos M TB 1 - Ci T - cos n Td + A 1 



soQ 



2 d% d D fc 2 



)fc 2 V(fc 2 ) 



^lk 2 k! 
s~l tr 
°lk 2 ki 

\ Clk 2 k! J 



1 

cosfciTcos £; 2 T 

— cos k 2 T 

— cos fciT 



cos fciTcos k 2 T 
1 

- cos/ciT 



cos £; 2 T 
cos fciT 
1 



cos k 2 T cos kiT cos k 2 T 



— cos fciT 

— cos fc 2 T 
cosfciTcos k 2 T 

1 



(5.49a) 
( |5~49b[ ) 



^ Si klk2 ^ 

^lkika 
Clkik 2 

V cikU, y 



Using the result ( B21 ) from Sec. B2 of Appendix [B| and performing the matrix multiplication gives 



(Cl) 



(C2) 



(C3) 



Now it's time to take the result in terms of the real matrices mi [$] and tui[$] on IR 5 / 2 ® 5 / 2 defined by (pTj) and 
( |5.18 ), and reconstruct from them useful expressions in terms of {$ q } and the complex matrices on C 5 with elements 



(m-i cx )k 1 k 2 — ^ki-ka 

(^lcx)kik 2 = ^l2( TO lex)kik 2 + (mi ex )kil 



defined by (5.8), as well as [cf. (BIG)] 

(wiex)k 1 k 2 - (mi ex ) kl k 2 - (miex)k 1 k 2 {k\ + kl) (miex)^^ (fc 2 2 - k\ - fef ) 



(«lex) 



kik 2 



kik 2 



kik 2 



-(mi 



cx Jkik 2 " 



k x k 2 

kik 2 



-(miox)k 1 k 2 cos#i 2 . 



These are related to the real matrices m and w on tt s (or RS/ 2 ffiS/ 2 ) as follows: for ki,k 2 S S/2, 

Mcx)£ lk2 + (A/ex)^- k2 
= (Mex)^ lk2 ~ (M ex )l_ k2 



Since 



A7 k!k 2 


= Mk lk2 = ( 


M LR 

iU k!k 2 


= Af-k!,-k 2 




= A^-kika = 


M VR 
A7 k!k 2 


= Ml,-* = 



(C4a) 
(C4b) 



(C4c) 



(C5a) 
(C5b) 
(C5c) 
(C5d) 



J d D hd D k 2 (Af klk2 ) 2 = 2 J d D hd D k 2 {[(Mex)^ lk2 ] 2 + [(A/ex)lU 2 ] 2 + [( M cx)L lk2 ] 2 + [(Mcx)i,- k2 ] ' } 



S/2 



= J d D hd D k 2 |(M ox ) kik2 | 



(C6) 



For the conversion of the range of the indices of these real matrices from S/2 © S/2 to S, see (B6) 
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we can use flC4a|) and ( |C4c|) , along with a-iPf | 2 + |X^-t ^/^i | 2 = 5 (lSi a i^| 2 + Ei a iA*| 2 ): to write 
dPkt d D k 2 Q(k c - q) 



£HA$1 



ki,k 2 >k a 



4V(fci)V(fc 2 ) 



sin 



+ 



+ 



cos 



COS 



$12 


,T/2 


"2" 


/-T/2 


#12 


r 1 1 z 
/ 


2 j 


-T/2 


#12 


,T/2 




'-T/2 


#12 


,T/2 


2 


'-T/2 



d^A$ q (t)e l 
^£A$ q (i)e" 



fcifc 2 



[ e a*-*£A$ q (t)]; 



-T/2 



[ e - i2fc -^A$ q (i)]; 



T/2 
2 



, T/2 
I -T/2 



(5.54) 



, T/2 
I -T/2 



APPENDIX D: THE EFFECTS OF THE LINEAR AND CUBIC TERMS 

Here we a dd the terms S<j, and back into the action, and determine what effect, if any, this has on the influence 
phase (5.52). 



1. The linear terms 

The effect of the linear term can, as usual, be elucidated by completing the square, as shown in this section. 
We define the "all-but-cubic" Lagrangian 



by adding to the quadratic action considered in Sec. [vjthe linear terms 

£L [^,$] = J d D k + 
s 

wheref] [cf. $~8$) } 



' k - — / dPq (Q 2 $k-q*q - $k-q$q 



Vk = ~2 / d 9 ( $ k-q*q - $k-q$q, 



with Q 2 bearing the same relation to — k and q that k\ 2 [cf. (|5.3|)1 bore to ki and k 2 : 

Q 2 = -(-k) ■ (k - q) - (k - q) • q - q ■ (-k) = k 2 + q 2 k ■ q. 
The reality condition 'I'-q = ^ forces 2?_k = and j/_k = so we can use the identity 

v oxt w ox _ / .,Di.„»„ t _ / ,//',. f„i:.„ii _ ,.( ,„i s _ 



J d D kvlw k = J d D k {v^wl + v{w{) = 2 J d D k + v{w{) = v tr w, 



(Dl) 



(D2) 



(D3a) 
(D3b) 

(D4) 
(D5) 



5/2 



17 Recall that "I>k-q = when k — q ^ C 
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where v and w are vectors in R 5 / 2 ® 5 / 2 defined as in ( 5.1 9| ) , to write £Lq 
can also write this, for an arbitrary z(t) as 



IL+ = -<f> tr x + f Y y + 



dt 



where 



to give 



X = X + z, 

y = y-z, 



b tr x + 4> tT y; by integrating by parts, we 

(D6) 



(D7a) 
(D7b) 



If we can choose z such that 



6 tv m4> + 26 u y - tr Tu</> - 2(f> tY x + — U^mcj) + 20 tr z) 

dt 



L-j is related to L, 



o+4>4> 



by 



,,tr- -1, 



u^' in ^ u x zu x d 
+ = L ^[<P, *] + 2 2 + dt [^ tr ( rhro ~ X ~ z )] + 



x tT m 1 mw x 



dt 



The condition (D9) is equivalent to the second order inhomogeneous ODE 

d / i • \ 1 1 ~ d , 1 

— (w z) + m z = m y — {m x). 

dt dt 



(D8) 



(D9) 



(D10) 



(Dll) 



A particular $(i) generates x{t) and y(t) via (D3), and for that source term, we can solve (Dll), with the freedom to 
fix two boundary conditions which are functions of Z{, Zf, {z)i and (i)/. 

We can use this expression for L3 to express /C3, the propagator for S3, in terms of as 



where 



,tX\ 1 f T/2 JUt tr -1 tr -In 1 f {^ 1 x)fY f B[^]-rhf -C[*] 



^ J-T/2 

is a real phase, and 



_ f z f - {mm 1 x) f 



—Zi + {mm x)i 



-C[$]" + mj 



(ro^a;)/ 
(ro _1 a;)i 



(D12) 



(D13) 



(D14) 



By substituting for x using (D7a), we see that X\<^] — is just a pair of linear first order boundary conditions on 
z{t), and so we can choose the solution to flDll| ) to obey them, leaving 

(D15) 
(D16) 



Proceeding along the same lines as (|5.20|) , we find that 



e iW 3 [*,*'] = e iW a+ «*[*,*'] e i(^[*]-^[*']) < 



Since ?/>[$] is real, and it is the imaginary part of W which imposes decoherence, 



jw 3 [*,*'] 



(6.1) 



and adding in the linear terms does not change the result (5.52). 
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2. The cubic terms 



Now we are ready to consider the full environmental action 

S e [(I>,*] = S3[(I>,$\ + Sm[<I>] 

including the cubic terms from 

1 



d u h d u k 2 d u k 3 $"(k x + k 2 + k 3 ) 1 2 3 



^1 + + ^3 



Here we need to resort to using a generating functional 

Z[J, J', $, $'] = J V^p^i^'iWf ~ H) exp ji (s a [<f>, $] - Satf, &] + 
and expressingpi 



T/2 



dt\6 tT J - 6'^ J'] 



T/2 





'1 P " 




IV' 












) 




7pj 









Z[J,J',$,#'] 



(D17) 
(D18) 

(D19a) 
(D19b) 



a. TTie wrong way to complete the square 
The "propagators" involved in constructing the generating functional 

Z[J, J',$,$'] = /" dfrdtidtfp^MKzttflfr;*, J]lC* z (cl>f\4>i;&, J'} 



are of the form 

/C z (0/|0 4 ;$, J] 
and involve the modified "Lagrangian" 

Lz[^,$, J] = L 3 [0,$] + J tT 4>= : 



V<pe 



T mcj> + 2(j}"y - <F x m4> - 20™ (x - J) + — U"mc, 

dt 



(D20) 
(D21) 

(D22) 



We might try to carry out the same completion of the square as was done in Sec. |D lL getting the form flDq ), where 
now 



The ODE for z becomes 



x = x + z — J. 



d , 1 • \ 1 1~ ^ r 1/ — tm 

— {w z) + m z = m y — —\vj (x — J)\: 



(Dll') 



once again, we would find an expression like 

Kz^fW,^ J] = K, Q+ ^{4>f\4>i-M exp I i( ^ ) J] 



with the expressions ( p!3| ) and (D14) for ip[<f>,J] and X[$,J] in terms of x still holding. Again, the boundary 
conditions on (D12') would allow us to set J] = 0, leaving 



(EH) 



However, this form is not convenient, even if we insert a; = x + i — J, since the expression would depend on J not 
only explicitly, but also implicitly via the solution z[$, J] to (Dll'). 



18 The choice of sign of J' may seem unusual, but it allows us to write the argument of the exponential in (D19a) as Sz[<f>, J]- 
Sz [</>', J'] rather than Sss[<j>,$,J] - Sz [</>', - J']. 
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b. The correct way to complete the square 



Since we cannot fruitfully complete the square for the ./-terms in the way we did for in Sec. D 1, let us instead 
combine with the J-terms by integrating by parts until y = 0, i.e., 



so that 



Lz[<t>,*,J\ = 2 



X — x + y 
z = y 



d> tT md> - 4> tv w(b + 2(j) tr J + — U tT rhd> + 20 tr y) 

at 



(D23a) 
(D23b) 



(D24) 



where J = J — x + y. 

First, we define a Green's function G(t,t') (implicitly dependent upon $) satisfying 



[d t m{t)d t + 07(f)] G(f, t') = S(t - f'), 



so that 



T/2 



(Go J)(f) = / d£ G(t,t')J(t') 



T/2 

obeys (dtmdt + vj) G o J = J. We can construct this perturbatively, with the lowest order term being 

sinft |f-f'| 



G (f,f') 



20i 



(D25) 



(D26) 



(D27) 



Then we can complete the square to obtain 

K if fa / |&;$,.7]=fco +w (<t>f-{GoJ) f \ &-(GoJ)() 

X exp ( i \ -5 , O +0 [G o J, $] + </> tr [d t (mG o / ) + y] 



T/2 
-T/2 



(D28) 



The generating functional can thus be expanded, using the form of p from (5.31), and making the transformation 

(cf. dUD) 



as 



z\j, j', $,<&'] cx y 



d(f>idA(f>id(f)f 



1 


1 








-1 


1 














1 


1 








1 


-1 



<h 

V A4/2 J 



(D29) 



Vdet(27rC[$]) det(27r£[$']) 

tr 



cxp 



A&/2 



A^/2 
Ay/ 

(X - V)U[J] + iW[J] + i ( -A£i 

-2y ( 



iQ[J,J'H, (D30) 



where we have defined the matrix 




V= \ n§V(fi ) 

4V~ 1 ( fi o) 



(D31) 



so that A4, defined in (5.37), can be written 
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M = V 




(D32) 



as well as 



U[J] 



W[J] 



(GoJ)f 



(Go J) 4 
A(GoJ),/2 

( -B+A(G o J)//2 + A 

C+ tr A(G o J) f /2 - A 



d t (mG o J) 
d t (mG o J) 



\ C_ tr A(Go J) f /2 - 2 d t (mGo J) I 



(D33a) 



(D33b) 



Q[J, J'] = -5 O+00 [G o J, $] + S Q + H [G' o J', $']. 



/ A (gojj// 2 \ 1 i B 
(G° J)/ 
(G o J)i 
V A(GoJ),/2 / 

Completing the square in ( D3C| ) and integrating gives 







-c+ 




B+ 




-e_ 


-c+ 


n tr 

_( -+ 


_ c _tr 




A+ 


_ c _tr 






A- 



( A (GoJ) f / 2 \ 
(GoJ) f 

{Gojy 

V A(Go J)i/2 J 



(D33c) 



Z[J, J', $'] 



J exp<;- 



U[J] (M-V) + iW[J] 



(M - V)U[J] + iW[J 




(D34) 



Expanding ( D19b|) in a perturbation series, we see that terms beyond the zeroth have at least one factor of t, from 
the iS^tp. Again, the only way that a perturbative expression could affect the non-perturbative re sult e lW 1 is 
if some of the terms have a 1/(3 behavior. Thus, we should look for the terms in the exponential of ( D34 ) which are 
larger than 0(1) to see if any 0(/3 _1 ) terms can produce significant contributions. The only object which can be 
larger than 0(1) is Mr 1 [the matrices M. and V individually have V -1 eigenvalues, but the combination M. — V is 
0(1)]. Since the smallest eigenvalue of M. is 0(V) + 0(£), IM.^ 1 will also be no larger than 0(1). And since the 
terms y and J — J = —x + y coming from are Oil\ this means that 



»[*'*'] exp ( 1 \lA[jf{M -V) + iW[jf} M- 1 {{M - V)U[J] + iW[J}} + 0(1)] . (D35) 



Z[J,J',$,&] 
Now, 

[U tT (M -V) + iW tr ] M- 1 \{M - V)U + iW] = -U tr VU + {U tT V - iW^M^iVU - iW) + 0(1); (D36) 

if we use fl5.46| ) to write M.^ 1 in terms of M.^ 1 and manipulate M,~ X V using 4V _1 (£lo) = a + iA-, we have 
- U tT VU + {U tT V - iW tT )M.- l (VU - iW) 



= -U tx VU 







-iW 



-i{l + iA-a- r )CX i{l + iA-a- 1 )A+ 4V~ 1 (^o) 



+ 

-iC+il + ia^A-) 
OgV(fio) iA+(l + ia- 1 A-) 
4V~ 1 (^o) 



-ia- 1 C+ bI ia~ 1 A+ 1 



U 



1 -iC+a- 1 
1 iA+a- 1 
1 



(D37) 



Because the matrices V and (Ho — i^Hi[A$]) 1 © a 1 are in block diagonal form, we split up the expression (D37) 
into parts corresponding to each block. That corresponding to the lower block is 
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where is the bottom third of U, 





% = I 



U. 



(D38) 



(D39) 



Using 4V 1 (f^o) = a + iA_, the V 1 (fio) pieces of ( D38 ) cancel, leav ing an expression which is 0(1). This leaves us 
with the piece from the upper block, making the exponential in (D34) 





ngv(fio) I - iw tr 

-i£l iA+ 



1 
1 

-ior l C+ tT ia~ l A4 











-iC-i 



f2gV(n ) iA+ 



U-i 



(N -i^i[A$]) _1 

1 -iC+a" 1 
1 14+ar 1 



W 



0(i); 



(D40) 



inserting ( D33a ) and ( D33b ) and discarding 0(1) terms {including (tt - ^Hi[A$]) _1 V(fio)}, we end up with 



Z[J, J',$,$'] = e iW °+^[*'*'] exp 



1 / -G G o (AJ)i + B Go o (A J) / - Go o (A J) / 

2 ^ A Go o (A J), - G G o (A J) f + G o (A J); 



x(N -i£Hi[A$] 



-G G o (AJ), + B G o (A J) / - G o (A J) f 
A G o (A J), - G0G0 o (A J) f + G o (A J), 



0(1) 



(D41) 



The fact that the leading term in the exponential in (D41) depends only upon A J = J — J' is crucial, because of 
the operator 



ess 



1 v 



iS, 



1 V 

Ivj 7 



(D42) 



111 (|D19bD , which annihilates any functional independent of <f> and depending on only in the combination J — J'. 
If all of the terms in the exponential in Z were functions of A J alone, that would mean that e m = e iWs ; however, 
there are 0(1) terms in the exponential which depend on J. The situation can be written as 



Z[J, J', $'] = e tW °+^ [*•*'] exp Qaj o T-x o A J + ~ J« o ^ o j(0 + j(') o 



(D43) 



where 5 A J o T- 1 o A J is the argument of the exponential in ( D41 ) , and | j(') o _F o Jv) and jW o Q are the quadratic 
and linear terms of 0(1)- Thinking in terms of a diagrammatic expansion, this means that there are three kinds of 
"propagators" in Z: 



Go 



(D44a) 
(D44b) 
(D44c) 

(note that the last is not truly a propagator, since it accepts only one "input" ). These are used to connect the vertices, 
which all have the form 



(D45) 



3G 



A term in the series which has more I vertices than T-\ propagators will be perturbatively small, one with the same 
number will be 0(1), and one with more T-\ propagators than £ vertices will be able to disrupt the perturbative 
analysis and have an impact upon e lW . We can make a list of the objects in the theory by their order in perturbation 
theory and number of legs (with the legs on propagators counted negative so that a closed diagram has zero net legs): 

Graph Order Legs 
( |D44a|) -1 -2 
(D44b) -2 
( D44d) -1 
(D45D 1 3 



Since the vertex ( D45| ) has three legs and the propagator (D44a) has minus two, we'd expect divergent graphs starting 
with 




(D46) 

However, in this case we have just the situation described above: all of the propagators depend only on A J, so the 
graph vanishes. This sort of identity places the restric tion t hat at least one leg of a vertex must be coupled to an 
or Qo propagator. This means that we must abandon ( D45 ) by itself and use as our primitive vertices 



(D47a) 



(D47b) 



which makes the pieces out of which non- vanishing graphs can be constructed 

Graph Order Legs 
(|D44a[ ) -1 -2 
(D44b) -2 
(D44c) -1 
( D47a ) 2 4 
(D47b) 1 2 



Now the most divergent graph which can be constructed with zero net legs is 0(1). 
This means that, perturbatively, the influence functional is 



so, perturbatively at least, 



jw[*,*'] < {i + E 2 [A<I>]y 1/4 . 



[1] See, for example, J. B. Hartle, in Quantum Cosmology and Baby Universes, proceedings of the 7th Jerusalem Winter 
School, 1989, edited by S. Coleman, J. Hartle, T. Piran, and S. Weinberg (World Scientific, Singapore, 1991). 



37 



[2] W. Zurek, Phys. Rev. D 14, 1516 (1981); 26, 1862 (1982). 
[3] J. J. Halliwell, Phys. Rev. D 39, 2912 (1989). 
[4] T. Padmanabhan, Phys. Rev. D 39, 2924 (1989). 

[5] G. Nordstr0m, Phys. Z. 13, 1126 (1912); Ann. d. Phys. 40, 856 (1913); 42, 533 (1913); 43, 1101 (1914); A. Einstein 
and A. D. Fokker, Ann. d. Phys. 44, 321 (1914). See also C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation 
(Freeman, New York, 1973), Sec. 17.6. 

[6] M. Gell-Mann and J. B. Hartle, Phys. Rev. D 47, 3345 (1993). 

[7] R. P. Feynman and J. R. Vernon, Ann. Phys. (N.Y.) 24, 118 (1963). 

[8] B. S. DeWitt, Phys. Rev. 162, 1195 (1967). 

[9] R. Brandenberger, R. Laflamme, and M. Mijic, Int. J. Mod. Phys. A 5, 2311 (1990). 
[10] H. A. Feldman and A. Y. Kamenshchick, Class. Quantum Grav. 8, 265 (1991). 
[11] A. Caldeira and A. Leggett, Physica 121A, 587 (1963). 
[12] V. V. Dodonov, I. A. Malkin and V. I. Man'ko, J. Phys. A 8, L19 (1974). 

[13] E. W. Kolb and M. S. Turner, The Early Universe (Addison- Wesley, Redwood City, CA, 1990). 

[14] J. B. Hartle, in Gravitation and Quantizations, proceedings of the 1992 Les Houches Summer School, edited by B. Julia 

and J. Zinn- Justin (North Holland, Amsterdam, 1995). 
[15] T. Regge, Nuovo Cimento 19, 558 (1961). See also J B. Hartle, J. Math. Phys. 26, 804 (1985). 
[16] J. L. Rosales and J. L. Sanchez- Gomez, Report No. gr-qc/9704056 (unpublished). 



38 



